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Diffeomorphism Symmetry in the
Lagrangian Formulation of Gravity
Saurav Samanta∗
S. N. Bose National Centre for Basic Sciences,
JD Block, Sector III, Salt Lake, Kolkata-700098, India
Starting from a knowledge of certain identities in the Lagrangian
description, the diffeomorphism transformations of metric and
connection are obtained for both the second order (metric) and
the first order (Palatini) formulations of gravity. The transfor-
mation laws of the connection and the metric are derived inde-
pendently in the Palatini formulation in contrast to the metric
formulation where the gauge variation of the connection is de-
duced from the gauge variation of the metric.
1 Introduction
Classical description of gravity is best formulated by general relativity theory
where gravity is treated as curvature of space time instead of an external
force. In order to build up the whole formulation one needs to introduce two
logically independent concepts, one is metric and the other is connection.
Metric is a symmetric second rank covariant tensor which is used to define
an invariant length on the manifold and the connection is introduced to map
the vectors of different tangent spaces, which in turn is used to define the
covariant derivative. Though these two concepts are entirely independent,
in the standard version of general relativity one demands two conditions i.e.
∗E-mail: saurav@bose.res.in
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torsion free nature of connection and the vanishing covariant derivative of
metric (metric compatibility condition)[1]. The violation of the first condition
together with a general asymmetric metric leads to many theoretical results in
which Einstein himself was very much interested[2, 3]. The second condition,
in a special formulation of general relativity known as Palatini formulation,
is not assumed apriori but derived as an equation of motion[4]. Though
this formulation gives the same result as the standard general relativity in
vacuum, it leads to distinct results when spinors are coupled to gravity[5].
A relativistic description of classical gravity whether it is standard
(metric) formulation or Palatini formulation is essentially based on the phys-
ical concept of general invariance principle. It is also known that the general
theory of relativity is invariant under local Poincare transformation. Thus
one argues that localization of Poincare symmetry leads to the principle of
equivalence which is the central concept of all gravitational theories. In this
approach each space time point is associated with a set of local inertial co-
ordinates, mutually related by Lorentz transformation, which enables one to
formulate the Poincare gauge theory of gravity[6, 7].
But even without gauging the Poincare symmetry, the gauge (diffeo-
morphism) transformations of the fields can be obtained from the Einstein
Hilbert action where the presence of gauge symmetry is indicated by the first
class constraints of the theory. Following Dirac’s algorithm[8], generator of
the gauge or diffeomorphism transformations can be constructed from a lin-
ear combination of the constraints which finally gives the diffeomorphism
transformation of the metric field[9, 10]. An important tool in this formula-
tion is the A-D-M (Arnowitt-Deser-Misner) decomposition[11] of space time
where three space surfaces evolve along a time like direction. In fact it is
well known that this decomposition plays a central role in all Hamiltonian
formulations of general relativity.
A question therefore naturally arises whether it is possible to describe
the diffeomorphism symmetries without recourse to the A-D-M decomposi-
tion. The point is that there is a Lagrangian version of discussing gauge
symmetries using certain gauge identities[12]. These gauge identities involve
the Euler derivatives and the generators of the gauge transformations. This
approach has been used in various contexts[13, 14, 15] including noncommu-
tative gauge theories[16].
In the present paper we show the existence of certain identities for both
the metric and the Palatini formulations. From these identities the diffeo-
morphism transformations of the basic fields are calculated in a systematic
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manner.
This paper is organised as follows. In Section 2 we give a short dis-
cussion on the general method of analyzing the gauge symmetry in the La-
grangian frame work. Non-Abelian gauge theory, both in its second and first
order versions are taken as examples to illustrate the method. The second
order formulation of metric gravity is discussed in Section 3, whereas the
first order Palatini formulation is analyzed in Section 4. Section 5 is for
conclusions and after that a short appendix is added.
2 General Discussion
It is a well known fact that a theory containing gauge symmetry possesses an
identity involving the various Euler derivatives of the theory. This identity is
called the gauge identity from which the gauge transformations of the fields
can be calculated. We briefly discuss this method in the first part of this
section for a general gauge theory and later we show how this method works
for a non-Abelian gauge theory. The gauge transformations of the basic fields
are calculated for both the second order and the first order (Palatini-like)
forms of the theory.
To study the dynamics of a field from an action principle we consider
a general Lagrangian involving only upto first order derivatives of the field
of the form1,
S =
∫
dt L =
∫
d4x L (qα(x, t), ∂iqα(x, t), ∂tqα(x, t)) (1)
where α denotes the number of fields. Also, it contains all other (e. g.
symmetry) indexes relevant for the problem. An arbitrary variation of this
action is written as
δS = −
∫
d4x δqα(x, t)Lα(x, t). (2)
The equations of motion are obtained by setting the Euler derivative L to be
zero,
Lα = 0. (3)
1We use the notation x for the four vector xµ = (x, t).
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Now we vary the field qα in the following way
δqα(x, t) =
n∑
s=0
(−1)s
∫
d3z
∂sηb(z, t)
∂ts
ραb(s)(x, z) (4)
with η and ρ being the parameter and generator, respectively, of the trans-
formation. Under this variation of the field, the variation of the action is
written from (2) as
δS = −
∫
d4x
∫
d3z ηb(z, t)ραb(0)(x, z)Lα(x, t)−∫
d4x
n∑
s=1
(−1)s
∫
d3z
∂
∂t
(
∂s−1ηb(z, t)
∂ts−1
)
ραb(s)(x, z)Lα(x, t)
= −
∫
d4x
∫
d3z ηb(z, t)ραb(0)(x, z)Lα(x, t)−∫
d4x
n∑
s=1
(−1)s−1
∫
d3z
∂s−1ηb(z, t)
∂ts−1
∂
∂t
(
ραb(s)(x, z)Lα(x, t)
)
= −
∫
d4z ηb(z, t)
(∫
d3x ραb(0)(x, z)Lα(x, t)
)
−∫
d4z ηb(z, t)
(∫
d3x
∂
∂t
(ραb(1)(x, z)Lα(x, t))
)
− · · · (5)
We define a quantity[12, 13]
Λa(z, t) =
[
n∑
s=0
∫
d3x
∂s
∂ts
(
ραa(s)(x, z)Lα(x, t)
)]
. (6)
to write eq. (5) in the form
δS = −
∫
d4z ηa(z, t)Λa(z, t). (7)
If the action does not change (δS = 0) under the field transformation (4)
then it implies,
Λa(z, t) = 0. (8)
The last equality, which is called the gauge identity, must be true with-
out use of any equation of motion. The gauge transformations of the fields
are defined by eq. (4) with ρ being the generator.
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To illustrate the use of this general formalism in a particular example,
we consider the non-Abelian gauge theory to obtain the gauge transforma-
tions of the fields. We take the standard second order action,
S =
∫
d4x [−1
2
TrFµν(x)F
µν(x)] (9)
where the definition of the field strength tensor
Fµν ≡ ∂µAν − ∂νAµ + ig[Aµ, Aν ] (10)
is given in terms of the gauge field
Aµ = A
a
µT
a. (11)
Here T a are the generators of a gauge group satisfying2
[T a, T b] = ifabcT c. (12)
The Euler derivatives are obtained by varying the action with respect to the
Aµ field,
δS = −
∫
d4x δAaµL
µa (13)
The Euler derivatives Lµa thus obtained are given by,
Lµa = − (DσF σµ)a (14)
leading to the familiar equation of motion,
Lµa = 0. (15)
Here the covariant derivative D is defined in the adjoint representation,
Dµξ = ∂µξ + ig[Aµ, ξ]; (16)
(Dµξ)a = ∂µξa − gfabcAbµξc. (17)
2We choose the representation where the structure constant fabc is antisymmetric in
all indexes and Tr(T aT b) = 1
2
δab.
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In order to obtain the gauge transformations it is necessary to find the gauge
identity. This is easily done by observing, from the definitions of Lµ and D,
the following relation
Λa = − (DµLµ)a = 0. (18)
This relation is true irrespective of the equation of motion of the fields and
is referred as the gauge identity. Comparing this identity with the general
form (6) we get the following generators[14]
ρb0a(0) (x, z) = −gfabcδ3(x− z)Ac0(x) (19)
ρb0a(1) (x, z) = −δabδ3(x− z). (20)
ρbia(0)(x, z) = −δab∂izδ3(x− z)−
gfabcδ3(x− z)Aic(x) (21)
Using these expressions of the generators, we now obtain the gauge transfor-
mations of the Aµ field from (4)
δAµa = ∂µηa − gfabcAµbηc = (Dµη)a. (22)
The gauge transformation of the field strength tensor Fµν is calculated from
the definition (10) and (22),
δF µν = ig[F µν , η]. (23)
We now consider the first order action of the non-Abelian gauge theory
S =
∫
d4x
1
2
TrFµνF
µν − TrFµν(∂µAν − ∂νAµ + ig[Aµ, Aν ]) (24)
where Aµ and F µν are treated as independent fields. Following the same
method, the Euler derivatives are calculated by varying the action with re-
spect to Aµ and F µν
δS = −
∫
d4x (δAµL
µ + δFµνL
µν). (25)
Invariance of the action (δS = 0) leads to the equations of motion
Lµ ≡ DνF νµ = 0 (26)
Lµν ≡ 1
2
[F µν − (∂µAν − ∂νAµ + ig[Aµ, Aν ])] = 0. (27)
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Note that eq. (26) which is the genuine equation of motion is identical with
eq. (15). The other equation (27) basically defines the field strength tensor.
A gauge identity is also found similar to the second order formulation
DνLν + ig[F µν , Lµν ] = 0 (28)
which can be verified using the definitions of Lµ and Lµν . Expanding eq.
(6) to explicitly write the two distinct Euler derivatives, we obtain the gauge
identity as,
Λa(z, t) =
∑
s
∫
d3x
∂s
∂ts
(
ρ
bµa
(s) (x, z)L
b
µ(x, t)
)
+
∑
s
∫
d3x
∂s
∂ts
(
ρ
bµνa
(s) (x, z)L
b
µν(x, t)
)
. (29)
Comparing this with (28) the generators are found out to be
ρb0a(0) (x, z) = −gfabcδ3(x− z)Ac0(x) (30)
ρb0a(1) (x, z) = −δabδ3(x− z). (31)
ρbia(0)(x, z) = −δab∂izδ3(x− z)−
gfabcδ3(x− z)Aic(x) (32)
ρ
bµνa
(0) (x, z) = −gfabcδ3(x− z)F µνc(x). (33)
The first three generators (30,31,33) are same as the generators obtained
in the second order formulation (19,20,21). Eq. (33) gives the only new
generator. The gauge transformations of the field Aµ is now obtained from
the relation (4)
δAµ = (Dµη). (34)
The variation of the F µν is also calculated similarly
δF µνa(x) =
∫
d3z ηb(z)ρaµνb(0) (x, z) (35)
= gfabcηbF µνc. (36)
Using (12) we write the above equation as
δF µν = ig[F µν , η]. (37)
In this way we obtain the gauge variation of the gauge field (Aµ) and the field
strength (F µν) in an independent manner for the first order formulation.
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3 Metric Formulation
So far we were discussing the general method of analyzing the gauge sym-
metry in the Lagrangian framework and took non-Abelian gauge theory as
our example to elaborate the whole procedure for both the second order and
the first order descriptions. Now we are in a position to study the diffeomor-
phism symmetry of the general theory of relativity. In this section we study
the second order formulation which is usually called the metric formulation.
The less studied first order formulation i. e. the Palatini formulation, will
be considered in the next section.
The Einstein-Hilbert action which describes the metric formulation of
gravity is given by,
S =
∫
d4xL(g)
=
∫
d4x
√−gR =
∫
d4x
√−ggµνRµν(g) (38)
where Rµν is the Ricci tensor
Rµν = Γ
λ
νµ,λ − Γλλµ,ν + ΓλνµΓσσλ − ΓσλµΓλνσ. (39)
The metric compatibility condition
∇ρgµν = 0 (40)
defines the Christoffel connection in terms of the metric components,
Γρµν =
1
2
gρσ(gνσ,µ + gµσ,ν − gµν,σ). (41)
Varying the action (38) with respect to the metric gµν we get the Euler
derivative Lµν i. e.
δS =
∫
Lµνδgµν (42)
where the explicit form of Lµν is written as,
Lµν =
√−gGµν = √−g(Rµν − 1
2
gµνR) (43)
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leading to the usual Einstein’s equation, Lµν = 0. Now to find the gauge
identity we recall the Bianchi identity[17]
∇ηRλµνκ +∇νRλµκη +∇κRλµην = 0 (44)
which follows from the definition of the Riemann tensor
Rλµνκ = gλσR
σ
µνκ = gλσ(Γ
σ
µκ,ν − Γσµν,κ + ΓηµκΓσνη − ΓηµνΓσκη). (45)
Contracting λ with ν and µ with κ, in (44), using (40) we get
∇µGµν = 0. (46)
This contracted Bianchi which means that Einstein tensor Gµν is divergence
free is referred as the gauge identity in [18]. But the Euler derivative we
defined in (43) is not Gµν but
√−gGµν . So we take our gauge identity as,
Λα ≡ 2∇βLβα = 0. (47)
The extra factor 2 is introduced for later convenience. In order to write the
above eq. (47) in a more convenient way we note that, the definition of Γ
(41) can be used to write the divergence of Einstein tensor
∇µGµν = ∂µGµν + ΓµµαGαν − ΓαµνGµα (48)
in the following form
∇µGµν = (∂µGµν +
1
2
gµβ∂αgµβG
α
ν −
1
2
Gµβ∂νgβµ). (49)
Now using (40) and (49) we write the gauge identity (47) in the form
Λν = 2∇µLµν = 2∇µ
√−gGµν = 2
√−g(∂µGµν +
1
2
gµβ∂αgµβG
α
ν −
1
2
Gµβ∂νgβµ)
= 2∂µ
√−gGµν − ∂νgαβ
√−gGαβ
= 2∂µL
µ
ν − ∂νgαβLαβ (50)
where we have used the important relation
∂µg = gg
αβ∂µgαβ. (51)
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In the metric formulation of gravity the analogy of (6) is expressed as,
Λα(z) =
n∑
s=0
∫
d3x
∂s
∂ts
(
ρµνα(s)(x, z)L
µν(x)
)
. (52)
Comparing this equation with the identity (50), we get the following expres-
sions for the non vanishing generators
ρ000(0) = −∂0g00δ(x− z) (53)
ρ000(1) = 2g00δ(x− z) (54)
ρ00k(0) = −∂kg00δ(x− z) (55)
ρ00k(1) = 2g0kδ(x− z) (56)
ρ0i0(0) = −∂0g0iδ(x− z) + ∂zi (g00δ(x− z)) (57)
ρ0i0(1) = g0iδ(x− z) (58)
ρ0ik(0) = −∂kg0iδ(x− z) + ∂zi (g0kδ(x− z)) (59)
ρ0ik(1) = gkiδ(x− z) (60)
ρij0(0) = −∂0gijδ(x− z) + ∂zj (gi0δ(x− z)) + ∂zi (gj0δ(x− z)) (61)
ρijk(0) = −∂kgijδ(x− z) + ∂zj (gikδ(x− z)) + ∂zi (gjkδ(x− z)) . (62)
After getting the expressions for the generators it is now straightforward
to calculate the diffeomorphism transformation of the metric gµν from the
general equation (4). We write eq. (4) for this formulation of gravity as
δgµν(x) =
n∑
s=0
(−1)s
∫
d3z
∂sεα(z)
∂ts
ρµνα(s)(x, z). (63)
From the above equation we write δg00 as,
δg00(x) =
∫
d3z [ε0(z)ρ000(0)(x, z) + ε
k(z)ρ00k(0)(x, z)
−∂ε
0
∂t
(z)ρ000(1)(x, z)− ∂ε
k
∂t
(z)ρ000(1)(x, z)]. (64)
Using the generators (53,54,55,56) in the above equation we get
δg00 = −∂0g00ε0 − 2g00∂0ε0 − 2g0k∂0εk − ∂kg00εk. (65)
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Similarly all other components of the metric gµν can be calculated. Combin-
ing everything we write the variation as,
δgµν = −∂αgµνεα − gµα∂νεα − gαν∂µεα (66)
Above result expresses the gauge transformation of the metric field gµν . The
variation of the inverse metric gµν is obtained easily from the above equation
(66) by observing that
δgµν = −gµαgνβδgαβ. (67)
The expression of δgµν we thus find, is written as,
δgµν = −∂αgµνεα + gµα∂αεν + gαν∂αεµ. (68)
We next calculate the diffeomorphism transformation of the connection from
its definition (41). Making use of (66) and (68) we find it to be
δΓρµν = −εα∂αΓρµν + Γαµν∂aερ − Γρµα∂νεα − Γραν∂µεα − ∂µ∂νερ. (69)
The gauge variations of the metric field and the connection are also derived
in Appendix (eqs. (112) and (115)) from a point of view of infinitesimal
general coordinate transformation. The results are naturally identical with
eqs. (66) and (69).
4 Palatini Formulation
Similar to the first order formulation of the non-Abelian gauge theory there
is also a first order version of the Einstein-Hilbert action[19]
S =
∫
d4xL(g,Γ) =
∫
d4x
√−ggµνRµν(Γ). (70)
where g, Γ are now treated as independent field variables. The definition of
Rµν in terms of Γ is same as (39). In our present analysis we take gµν and
Γρµν as symmetric in µ and ν. Variation of the above action with respect to
gµν and Γ
ρ
µν gives
δS =
∫
Lµνδgµν +
∫
Eµνσ δΓ
σ
µν . (71)
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The expressions of the Euler derivatives Lµν and Eµνσ are given below
Lµν =
√−g(Rµν − 1
2
gµνR) (72)
Eµνσ = (
√−ggµν),σ +
√−ggρνΓµρσ +
√−ggµρΓνρσ −
√−ggµνΓρρσ
−1
2
[(
√−ggµβ),β +
√−ggρβΓµρβ]δνσ −
1
2
[(
√−ggνβ),β +
√−ggρβΓνρβ ]δµσ
(73)
leading to the equations of motion,
Lµν = 0 (74)
Eµνσ = 0. (75)
The metric compatibility condition (40) can be derived from the second equa-
tion of motion[18] except for two dimension. The issues related to two di-
mension may be found in [19]. After obtaining the Euler derivatives we now
give the gauge identity for the Palatini formulation
Λα ≡ −Lµν∂αgµν + 2∂ν(gνσLασ)
−Eµνρ ∂aΓρµν − ∂ρ(Eµνα Γρµν) + 2∂µ(Eµνρ Γραν)∂µ∂νEµνα = 0. (76)
Note that in the metric formulation Eµνσ is identically zero and eq. (76)
reduces to the identity (50) which came from the double contraction of the
Bianchi identity (44). It is worthwhile to mention that there is also a Bianchi
identity[18] valid for Palatini formulation
∇ηRλµνκ +∇νRλµκη +∇κRλµην = 0. (77)
The relation (52) is now rewritten to include the independent Euler deriva-
tives as,
Λα(z) =
n∑
s=0
∫
d3x
∂s
∂ts
(
ρµνα(s)(x, z)L
µν(x) + ρσµνα(s)(x, z)E
µν
σ (x)
)
. (78)
Using the explicit expressions for the Euler derivatives (72,73), the generators
are read off by comparing (76) with (78), expectedly, the generators ρµνα(s)
are identical to the generators of the metric formulation, exactly as happened
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for the gauge theory. The expressions of the other generators are given below
ρ0000(0) = −∂0Γ000δ(x− z)− ∂zm (Γm00δ(x− z)) (79)
ρ000k(0) = −∂kΓ000δ(x− z) (80)
ρ0000(1) = Γ
0
00δ(x− z) (81)
ρ000k(1) = 2Γ
0
0kδ(x− z) (82)
ρ0000(2) = −δ(x− z) (83)
ρ00i0(0) = −∂0Γ00iδ(x− z)− ∂zm (Γm0iδ(x− z)) + ∂zi
(
Γ000δ(x− z)
)
(84)
ρ00ik(0) = −∂kΓ00iδ(x− z) + ∂zi
(
Γ00kδ(x− z)
)
(85)
ρ00ik(1) = Γ
0
kiδ(x− z) (86)
ρ00i0(1) = −∂zi δ(x− z) (87)
ρ0ij0(0) = −∂0Γ0ijδ(x− z) + ∂zj
(
Γ0i0δ(x− z)
)
+ ∂zi
(
Γ00jδ(x− z)
)
−∂zm
(
Γmij δ(x− z)
) − ∂zi ∂zj δ(x− z) (88)
ρ0ijk(0) = −∂kΓ0ijδ(x− z) + ∂zj
(
Γ0ikδ(x− z)
)
+ ∂zi
(
Γ0kjδ(x− z)
)
(89)
ρ0ij0(1) = −Γ0ijδ(x− z) (90)
ρk000(0) = −∂0Γk00δ(x− z) (91)
ρk00m(0) = −∂mΓk00δ(x− z)− ∂zp (Γp00δ(x− z)) δkm (92)
ρk00m(1) = −Γ000δkmδ(x− z) + 2Γkm0δ(x− z) (93)
ρk000(1) = 2Γ
k
00δ(x− z) (94)
ρk00m(2) = −δ(x− z) (95)
ρk0i0(0) = −∂0Γk0iδ(x− z) + ∂zi
(
Γk00δ(x− z)
)
(96)
ρk0im(0) = −∂mΓk0iδ(x− z)− δkm∂zp (Γp0iδ(x− z)) + ∂zi
(
Γk0mδ(x− z)
)
(97)
ρk0im(1) = −δkmΓ00iδ(x− z) + Γkmiδ(x− z)− ∂zi δ(x− z)δkm (98)
ρk0i0(1) = Γ
k
0iδ(x− z) (99)
ρkij0(0) = −∂0Γkijδ(x− z) + ∂zi
(
Γk0jδ(x− z)
)
+ ∂zj
(
Γk0iδ(x− z)
)
(100)
ρkijm(0) = −∂mΓkijδ(x− z) + ∂zi
(
Γkjmδ(x− z)
)
+ ∂zj
(
Γkimδ(x− z)
)
−δkm∂zp
(
Γpijδ(x− z)
)− δkm∂zi ∂zj δ(x− z) (101)
ρkijm(1) = −δkmΓ0ijδ(x− z). (102)
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These generators are now used to calculate the diffeomorphism transforma-
tion of the fields gµν and Γ
ρ
µν from the following equations
δgµν(x) =
n∑
s=0
(−1)s
∫
d3z
∂sεα
∂ts
(z)ρµνα(s)(x, z) (103)
δΓρµν(x) =
n∑
s=0
(−1)s
∫
d3z
∂sεα
∂ts
(z)ρρ
µνα(s)(x, z). (104)
Since the generators ρµνα(s) are same as the generators of the metric formu-
lation of gravity, the gauge variation of the metric is same as (66). From eq.
(104) we write δΓ000 explicitly
δΓ000(x) =
∫
d3z [ε0(z)ρ0000(0)(x, z) + ε
k(z)ρ000k(0)(x, z)
−∂ε
0
∂t
(z)ρ0000(1)(x, z)−
∂εk
∂t
(z)ρ000k(1)(x, z) +
∂2ε0
∂t2
(z)ρ0000(2)(x, z)]
(105)
using (79,80,81,82,83) in the above equation we get
δΓ000 = −εα∂αΓ000 + Γα00∂αε0 − 2Γ00α∂0εα − ∂20ε0. (106)
All other components of the connection can be calculated in a similar manner.
The results thus obtained are written in the following way
δΓρµν = −εα∂αΓρµν + Γαµν∂aερ − Γρµα∂νεα − Γραν∂µεα − ∂µ∂νερ. (107)
Thus in the Palatini formulation, the gauge transformation of the connection
is derived independently from the gauge variation of the metric. The same
result is derived in Appendix (eq. (115)) using the transformation of the
metric (66).
5 Conclusions
We have studied the diffeomorphism symmetries of the general relativity the-
ory for both the second order (metric) and the first order (Palatini) formula-
tions of gravity. Some identities were obtained from which the generators of
the transformations were found. The diffeomorphism transformations of the
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metric and the connection for both approaches were systematically derived.
The results thus obtained were compatible with each other. It is noteworthy
that the A-D-M splitting, which is essential for discussing diffeomorphism
symmetries, is bypassed.
It is worthwhile to pursue the consequence of symmetry analysis for
other approaches of gravity since it is a well known fact that Einstein-Hilbert
action is not the unique action which is invariant under general coordinate
transformation. Even for a more general Lovelock gravity formulation[20] it
is shown that classical results obtained from metric and Palatini formula-
tions are completely equivalent[21]. In presence of different other terms in
an action (higher order gravity theory[22, 23, 24]) apart from the standard
Einstein Hilbert term, metric and Palatini formulations are not equivalent in
general[25, 26]. For such an action the present symmetry studies may give
new insights about the problem.
A Appendix
Here we give a brief derivation of the diffeomorphism transformation of the
fields. Under a general coordinate transformation, gµν transforms as a co-
variant second rank tensor i. e.
g′µν(x
′) =
∂xα
∂x′µ
∂xβ
∂x′ν
gαβ(x) (108)
Now we consider an infinitesimal coordinate transformation
xµ → x′µ = xµ + εµ(x) (109)
under which, we write from (108)
g′µν(x
′) = gµν(x)− gµα(x)∂νεα − gαν(x)∂µεα +O(ε2) (110)
A Taylor expansion of the r. h. s. of the above equation, using (109), gives
g′µν(x
′) = g′µν(x+ ε) = g
′
µν(x) + ∂αgµνε
α +O(ε2) (111)
Combining (110) and (111) we get
δgµν(x) = g
′
µν(x)− gµν(x) = −∂αgµνεα − gµα∂νεα − gαν∂µεα (112)
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This can be written in a covariant notation also[27]
δgµν = −∇µεν −∇νεµ (113)
where the definition of connection (41) has been used. In a similar way the
variation of the inverse metric gµν is also obtained
δgµν = −∂αgµνεα + gµα∂αεν + gαν∂αεµ (114)
Using (112) and (114) it is now straightforward to calculate the diffeomor-
phism transformation of the connection from (41). We find it to be
δΓρµν = −εα∂αΓρµν + Γαµν∂aερ − Γρµα∂νεα − Γραν∂µεα − ∂µ∂νερ. (115)
This equation together with (112) give the gauge variation of the two most
important quantities of general theory of relativity.
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